QMS 110: Solving a System of Linear
_ .
Equations

TRAIN TO LEARN EFFECTIVELY: TIP SHEETS CONTENT BY: LAUREN RODRIGUEZ

WHAT ARE LINEAR EQUATIONS?
Linear equations are equations that represent a straight line when graphed.

WHAT IS A SYSTEM OF LINEAR EQUATIONS?
A system of linear equations is a set of two or more linear equations that have the same amount
and types of variables.

HOW DO YOU SOLVE A SYSTEM OF LINEAR EQUATIONS?
The solution of a system consists of values for the variables that satisfy all the equations in a
system. There are generally three methods of solving a system of linear equations. They are:
e Graphing
e Substitution
e Elimination

Let’s look at the steps for solving using these methods.
GRAPHING METHOD: (best with access to graphing software)
To solve a system using the graphing method, graph the linear equations on a Cartesian plane,

and the Point of Intersection (POI) of all the equations in the system is the system solution.

NOTE: this is not a common or recommended method of solving, as this method requires high
detail and precision for accuracy.

GRAPHING EXAMPLE

(1) 5x + 5y = 75
(2)2x + y = 20

Solution graph:

The POI and solution to this example is (5, 10).
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SUBSTITUTION METHOD:
STEPS TO SOLVE USING SUBSTITUTION (TWO VARIABLES)
1. Choose any one of the linear equations, and isolate for one of the variables
2. Substitute the portion that the isolated variable is equal to in for the equivalent variable in
the second linear equation (there should only be one variable by this point)
Solve for the value of the only variable in the second linear equation
4. Substitute the found value of the second variable into the original isolated variable
equation, and solve for the value of that variable

w

SUBSTITUTION EXAMPLE

(1) 5x + 5y = 75
(2)2x + y = 20

TIP: We will be using the same example we have used in graphing, to showcase how either
method of solving will lead to the same answer!

We will start with isolating one of the variables. In this example, we will be isolating for variable x
in equation (1).

Now we will take the isolated expression and substitute it into equation (2). Then solve for
variable y.

(2)2x + y = 20 4 2(—y + 15) + y = 20 = — 2y +30+y =20
Continued: — y =— 10 * y =10

Now that we have the value for y, we can sub it into our isolated x equation and solve.
x =—y + 15 4 x =— (10) + 15 _

The solution to this example is (5, 10).

ELIMINATION METHOD:

STEPS TO SOLVE USING ELIMINATION (TWO VARIABLES)
1. Choose the variable you wish to eliminate first
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2. Look at the two linear equations and determine how to multiply the equation(s) so the
variable to be eliminated has coefficients that when added will equal zero (typically the
coefficients will have the same absolute value, with one being negative and the other
positive
NOTE: In some cases, at least one of the original linear equations does not need to be
multiplied. The key factor is making sure to manipulate the linear equations so the
coefficients of the desired variable can be eliminated when added
NOTE: When multiplying a linear equation to set it up for elimination, it is important to
multiply every element of the equation by the same number, as to not change the value
of the equation

3. Add both of the equations (if done correctly, there should only be one variable

remaining).

Isolate and solve for the remaining (not eliminated) variable

5. Substitute the found value into one of the original linear equations and solve for the
second variable.

s

ELIMINATION EXAMPLE

(1) 5x + 5y = 75
(2) 2x + y = 20

In this example, we will start with eliminating the variable y. To do so, we will leave (1) as it is,
and manipulate equation (2) by multiplying the entire thing by — 5.

(1) 5x + 5y = 75 W 5x + 5y = 75
(2) [- 51(2x + y = 20) =» — 10x — 5y =— 100

Now we can eliminate variable y by adding the equations. This is what will remain:
CSx=—25 WP L _ s

Now that we found the value of x, we can substitute that value into either one of the two original
equations, and solve for y. We will use equation (1).

(1) 5x + 5y =75 ‘ 5(55) + 5y = 75 ‘ 25+ 5y =75 ‘ 5y = 50 ‘y=10

The solution to this example is (5, 10).
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STEPS TO SOLVE USING ELIMINATION (THREE VARIABLES)

1. Pick two out of the three equations, and follow the same process of eliminating a
variable as two variable linear equations (manipulate the equation(s) to eliminate, then
add). For this step, you would stop at just adding the equations together, leaving you
with a two variable linear equation

2. Repeat step one again, but this time making sure to:

e Use the third, unused linear equation
e Eliminate the same variable that you eliminated the first time around

3. Taking both of the two variable linear equations you just developed, fully solve that
system (by the end, you have the values of both variables)

4. Plug the found values into one of the original three variable linear equations, and solve
for the last remaining variable

ELIMINATION EXAMPLE

(1)3x — 2y + 4z = 35
(2) —4x + y — 5z =— 36
(3) 5x — 3y + 3z = 31

In this example, we will start with eliminating the variable y. We will choose equations (1) and
(2) to start.

To eliminate y in equation (1) and (2), the simplest way would be to leave (1) as it is, and
manipulate equation (2) by multiplying the entire thing by 2.

(1)3x—2y+4z=35‘ 3x — 2y + 4z = 35

(2)[2](— 4x + y — 5z =— 36) ‘ — 8x + 2y — 10z =— 72

Now we can eliminate variable y by adding the equations. This is what will remain:

(4) — 5x — 6z =— 37 We will label this new equation, equation (4).

Next, we will repeat that process again, but making sure to include equation (3), and continuing

to eliminate variable y. To do this, we will choose to use equations (2) and (3), leaving equation
(3) as it is, and manipulating equation (2) by multiplying the entire thing by 3.

(2) [8]1(— 4x + y — 5z =— 36) m» _ + 3y — 15z =— 108
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(3)5x—3y+32=31‘ 5 — 3y + 3z =31

Now we can eliminate variable y by adding the equations. This is what will remain:
(5) — 7x — 12z =— 77 We will label this new equation, equation (5).

We have built two new linear equations with only 2 variables. We can now solve this new two
variable system of linear equations to solve for variables x and z.

(4) — 5x — 6z =— 37
5)— 7x — 12z =— 77

In this case, this simplest variable to eliminate first is z. We can leave (5) as it is, and manipulate
equation (4) by multiplying the entire thing by — 2.

(4) [~ 2](~ 5x — 6z =— 37) ™ 0x o+ 122=74

(5) — 7x — 12z =— 77 4 — 7x — 12z =— 77

Now we can eliminate variable z by adding the equations, then isolating and solving for the
value of x. This is how that looks:

3x=—3*x= -1

To solve for variable z, in this example, we are choosing equation (4), and we will sub in our
found value of — 1 in for x.

(4) — 5x — 6z =— 37 4 —5(— 1) — 6z =— 37 B s -3 W,y

Continued: z = 7

So far we have found 2 of the 3 variables. Now we can go back to any of the original three
variable linear equations, substitute both found values, and solve for the last remaining variable.
In this example, we will use equation (1).

(1)3x — 2y + 4z = 35 = 3(— 1) — 2y + 4(7) = 35 = —3 -2y +28=35
Continued: — 2y = 10 ‘ y= —5

The solution to this systemis (— 1,— 5, 7).
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